We have calculated the lattice distortion produced by a single vacancy in Na, K, Rb, and Cs. The calculations have been carried out using the technique of lattice statics, which is based on the Fourier transformation of the direct-space equilibrium equations, making consistent use of discrete lattice theory. Three distinct types of potential have been used to describe the interactions between the host atoms. The first of these applies only to sodium, and contains an ion-electron-ion term derived from the measured phonon dispersion curves. The second applies only to potassium, and has been similarly obtained. The third is based on a model pseudopotential and applies to all four metals. Comparison has been made between our displacements due to a single vacancy in Na, using the first of these potentials, and analogous results obtained by a semidiscrete method in which only the atoms in the first five shells are allowed to relax. The agreement is reasonable for atoms in the first two neighbor shells about the vacancy, but poor for atoms farther away. The calculated displacements have been used to calculate the dilatations and relaxation energies associated with single vacancies in alkali metals. There is a large discrepancy between the magnitudes of these quantities calculated using the first Na potential and those obtained using the second Na potential, and a similar discrepancy exists between the two sets of K results. We have also used the method of lattice statics to determine the strain-field interaction energies between several types of vacancy pairs in these metals. In every case we find the next-nearest-neighbor configuration to be the most stable, whereas in the nearest-neighbor configuration, the two vacancies repel one another. The magnitudes of these binding energies depend strongly on which model potential is used.
I. INTRODUCTION
A recent calculation of the distortion produced by a P OINT defects can be introduced into a crystal lattice in two distinct ways; they can be generated by thermal activation or by fast particle irradiation. I n order to understand theoretically the behavior of defects generated by either method, it is of basic importance to be able to calculate accurately the formation energies of the various species of defect produced and also to be able to calculate the binding energies of various defect pairs. I n the case of simple crystals such as the alkali metals, which are our concern in the present paper, the simplest type of defect is the lattice vacancy.
The first stage in understanding the defect properties of these materials is understanding the properties of a single isolated vacancy in one of them. T o do this, it is essential that we have some means of calculating precisely the lattice configuration about such a vacancy. This is important both in its own right insofar as it plays an important role in such properties as the electrical resistivity induced by the defect, and also because it is essential to know the macroscopic volume change associated with the formation since this plays a critical role in determining the actual formation energy of the defect.
T o solve these problems one needs first a realistic interatomic potential for the atoms in the metal and second, given such a potential, a means of calculating rigorously the minimum energy configuration when a vacancy is introduced into the lattice.
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single vacancy in sodium has been by ~h y u et a1.l using an interatomic potential due to Cochran.% The method of computation used was typical of the class of techniques which might be referred to as "semidiscrete" methods. This classification we apply to any approach in which the ions in a predefined region near the defect, which we will call Region I, are allowed to relax to new equilibrium positions without further constraint. The remaining atoms in the lattice are then either held fixed or forced to relax to positions determined by continuum elasticity theory. If Region I can be made large enough, accurate displacements can be obtained for any host atom. However, the equations governing the displacements of the atoms of Region I increase rapidly in number and complexity as the volume of Region I increases; thus in practice, the size of this region is rather severely limited.
In a recent paper3 we demonstrated the inadequacy of the "semidiscrete" methods which have been applied to the problem of the body-centered interstitial copper atom in a copper lattice, even though the forces exerted on the host atom by the defect extended only to nearest neighbors. I n the case of the alkali metals such methods are likely to be even more inapplicable since in these metals the range of the interatomic potential is known from neutron scattering to extend a t least to fifth neighbors. I t is the purpose of the present work to determine the distortion produced by a single vacancy in the alkali metals Na, K, Rb, and Cs, by the consistent application of discrete lattice theory, without the neces-W. M. Shyu, D. Brust, and F. G. Fumi, J. Phys. Chem. Solids 28, 717 (1967 We determine the allowed wave vectors by applying periodic boundary conditions across a supercell consisting of A7 primitive unit cells. This is equivalent to treating a superlattice of defects, one in each supercell. The Fourier transformation reduces the 3NX3N array of linear equations which determines the direct space displacements to a system of N 3 x 3 equations which are explicitly soluble.
We will first apply the method of lattice statics to the problem of the single vacancy in Na, using the force constants derived from the potential of Shyu et al.,' which will allow us to compare our final displacements with theirs. These calculations will be repeated for Na and extended to K, Rb, and Cs also, using the force constants calculated by Shyu and Gaspari8 derived from the results of Heine and co-worker~~-~ on model pseudopotential form factors. In this work, a modified Hartree dielectric function is used to allow for the screening of the bare pseudopotential by the conduction electrons. Finally, we will repeat our calculations for K using force constants given by Cowley et ~1 .~ obtained by a least-squares fit to their experimental phonon dispersion curves.
I n Sec. I1 we present the basic equations of lattice statics appropriate to the calculation of the displacement field due to a single defect, as well as the equations governing the interaction between pairs of defects. In Sec. I11 we present detailed calculations of the displacement field about a single vacancy in Na, K, Rb, and Cs and the analogous calculations of the strain field interaction energies between pairs of vacancies. In Sec. IV we calculate the dilatations produced by single vacancies and their associated relaxation energies. Section V will be devoted to a comparison of our results with those of Shyu et al. ' and to a general discussion of all of our calculations.
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Force constant matrix statics has been given.3 We will not repeat this discussion in detail, but will simply present a brief outline of the principles upon which the method is based, along with the equations necessary to perform the present calculations. Let al,az, and as be the basis vectors of an infinite lattice which we suppose to be built up from equivalent volumes containing N unit cells. The boundaries of these volumes, called supercells, may be taken as being L times the basic vectors where L3= N.
At the center of each supercell we imagine a defect to be introduced. Symmetry will then require that the displacements of the atoms around any one defect will be identical to those of the corresponding atoms about any other defect. Hence we need only treat the atoms of a single supercell in order to find the displacement of any other atom in the crystal.
The solution of the displacement problem is obtained by expressing the displacement of the lth atom from the origin in terms of normal coordinates Qq using the Fourier series where q is an allowed wave vector in the first Brillouin zone and rcZ) is the position vector of the lth atom from the origin in direct space in the undistorted lattice. The parameter a denotes the Cartesian component of or Qq along one of the three orthogonal (100) directions in the cubic crystal and may therefore take on values 1, 2, 3. The value of Qq is found from the equation where V-4 is the Fourier-transformed dynamical matrix and Fq is the generalized force array associated with the defect. In terms of direct space quantities, these are 
and Once Fq and V-q have been calculated from Eqs. (3) and (4) we can compute the Fourier amplitudes Qq from Eq. (2) and perform the summation in Eq.
(1) to obtain the direct space displacements. Similarly, i t has been shown1° that the strain-field interaction energy between a pair of defects is given by in which R is the distance between defect sites in the perfect lattice. Since we are considering only vacancies in the present work, we may construct the dynamical matrix V-9 and the force array Fq without using an explicit expression for the interatomic potential. As we will show shortly, it will be sufficient to know the force constants for the perfect lattice subject to the assumption that these are derivable from some central pairwise potential, as is the case for each of the potentials used in the numerical calculations. We shall express the elements of the matrix V-q in terms of the elements of the direct space interatomic force constant matrices which are presented in Table I . We assume in all cases that the atoms interact with each other as far as the fifth-neighbor positions. I t has been shown6 that this assumption is adequate for Na, K, Rb, and Cs. For Li, however, a much longer range potential is needed, extending as far as the tenthneighbor shell. Because of the additional computational difficulties which this long-range potential involves, we will not include Li in the present calculations.
l o 5. R. Hardy and R. Bullough, Phil, Mag. 15, 237 (1967) .
We shall denote the magnitude of the force exerted by a single vacancy on the members of its nth-neighbor shell as F(n) where, as we have indicated, n may range from 1 through 5.
With the notation we have outlined above, the components of the V-q matrix may be expressed as
+Sap-Sa4 cos3q1a cospza cosq3a+ 16/34 -804 cosqia(cosq3a cos3q2a+ cosqza cos3q3a) -8as(cos2qla cos2qza cos2qsa-1) (6) and V12-q= 801 sinqla sinqza cosq3a+@S sin2qla sin2qza + 87 d(sin3qla cosqsa sinqzaf sin3qza cosqsa sinqla) -864(cos3q3a sinqla sinqza) +8Ps sin2qla sin2q2a cos2qsa. (7) The remaining elements of Vq can be obtained by cyclic permutation of the q vector components. The F q array can be shown to be given by
and two similar equations for F 2 q and F 3 q can be obtained by permuting the components of q.
All that remains to be done is to find appropriate expressions for the forces F(n) in terms of the direct space-force constants. In practice it is easiest to work with radial and tangential force constants A(n) and tion of the nth-neighbor shell. We can avoid any need B(n) defined by to know $(r) explicitly by linearizing the F(n) in the lattice displacements. Thus
where $(r) is the interatomic potential acting between host atoms, so that -$(r) is the potential acting between a vacancy and the host atoms. The term r(n) is the radius of the nth-neighbor shell in direct space, in the perfect lattice. Our method of determining the forces F(n) makes it unnecessary to know +(r) explicitly, but only requires a knowledge of the direct-space force constants shown in Table I . Then A(n) and B(n) are related to these constants by the following equations: in which C(n) is the magnitude of the displacements of the atoms in the nth shell. These may be expressed as follows:
The coefficients p(n,m) are the elements of a response matrix obtained by the inversion of the Fourier series (I), i.e., p(n,m) is the magnitude of the displacement of an atom in the nth shell when the mth force is unity and all other forces are zero. Since we are allowing for up to fifth-neighbor interactions, m and n range from 1 A(3)=2(aa+~s) B(3)=2@, (10) through 5. Once the p(n,nz) are known, one-may solve Eqs. (12) and (13) for the displacements [(n) which A (4)= (6a4+4y4)/3 B(4)= 2(aa-3y4) may then be used in (12) to find the forces F(n). Using A(5)=2 (as+2@6) B(5)= -2@5-a6). these values for the forces F(n), one can compute the corresponding generalized forces Fq from Eq. (8).
In terms of the notation just developed Since the displacements of the fourth-and fifth-
neighbor shells are not expected to be large, we will approximate the forces F(4) and F (5) by their values at where the derivative +' is evaluated at the relaxed posi-the undisplaced positions. Thus, F(4)= ( 4 l l ) a 4B(4), F(5) = (412)a $B(5), while F(l) =.\/?;&aB(l)+{(l) $A(l),
where a is half the cubic unit cell side.
Therefore, substituting from Eq. (14) into Eq. (12), we obtain Once the displacements c(n) and the forces F(n) are known, the Fourier amplitudes of the displacements can be calculated from Eq. (2). Then the direct-space components of displacement can be calculated from Eq.
(1). Finally, the strain-field interaction energy can be computed using (5) with the appropriate values of the generalized force array Fq calculated from Eq. (3).
NUMERICAL CALCULATIONS AND RESULTS
The present work is based upon interatomic potentials from three sources. The first potential used was that for K'a metal given by Shyu et a1.l and derived from the work of C o~h r a n .~ It consists of an overlap-repulsive term, a Coulombic ion-ion interaction, and an ionelectron-ion interaction which has been obtained from phonon dispersion curves. The second potential which we have used in our work is presented by Cowley et alS9 and is obtained by a least-squares fitting to the phonon dispersion curves measured at 9OK. The third set of potentials is the result of theoretical calculations by Shyu and Gaspari carried out for Li, Na, K, Rb, and Cs. As stated earlier, we will not make use of their Li potential because its greater range increases the complexity of the problem beyond the scope of our present calculations.
These authors derived their potentials from pseudopotential form factors7r8 and a modified Hartree dielectric function. Since we will be treating Na and K using two distinct potentials for each metal, we will, for the sake of brevity, refer to the work using the potential of Ref. 1 as Na (1) and that using the potential of Ref. 6 as Na(2). Similarly, the K results obtained using the po- tential of Ref. 9 will be called K(l) and the results obtained using the potential of Ref. 6 as K(2). The force constants derived from the various potentials for all of the cases we shall consider are shown in Table 11 . I n all of our calculations, we have used a sample of 64 000 evenly spaced wave vectors in the first Brillouin zone. Our previous work on interstitial atoms in Cu leads us to believe this sample density is adequate to provide reliable displacement values out as far as (5,4,1) and associated values of the strain-field interaction energy out a t least as far as (4,4,2).
The computations were all carried out on a CDC 3600 computer, and the resultant sets of displacements and defect interaction energies are presented in Tables I n this expression, rR1 is the a conlponent of the direct space inter-defect spacing vector.
I t is also of interest to determine the relaxation energy defined as the difference between the energy of the imperfect crystal before and after the atoms are allowed to relax to their equilibrium positions. This can be expressed as where V is the force constant matrix for the metal in direct space. I t can be shown that Eq. (18) arising from a single vacancy. The forces contributed lZ J. R. Hardy, J. Phys. Chem. Solids (to be published).
from atoms in shells six through 18, i.e., those atoms within the range of the potential bonds of atoms in the The results of the Na(1) displacements obtained in fifth shell, were taken into account but atoms beyond this fashion are compared with the analogous results of the fifth shell were not allowed to move from their lattice statics in Table X . perfect lattice positions. The displacements were ob-I t is apparent from Table X that the two methods tained using an iterative procedure.
give comparable results but the discrepancies that exist, particularly in the case of the first two neighbors, are somewhat disturbing. In view of the magnitudes of the displacements, it does not seem to us that (except possibly in the case of the first neighbors) the anharmonic corrections will be very significant; thus we are unable to account for this discrepancy. However, given that anharmonic effects are indeed unimportant, the method of lattice statics is in principal exact and its results are thus more reliable than those of a truncated iterative procedure.
No similar comparison can be made for the displacements calculated-using the force constants given in Refs. 6 and 7 since no displacement calculations were performed by these authors. Moreover, since none of the metals considered is isotropic, it is not possible to compare the displacements predicted by lattice statics with those required by isotropic elasticity. However, it is to be expected that in any given crystallographic dir e c t i~n ,~,~ the displacements of atoms far from the defect will fall off inversely as the square of their distance from the defect. The direction along which we have results for the greatest number of lattice sites is the (111) direction and we indeed find that for each of the cases 045 -0.177 -0.031 -0.339 -0.409 -0.435 treated, the values of S-R2 for (3,3,3), (4,4,4), and (5,5,5) are resonably close to each other, although not close enough to indicate that the true limiting value has been reached.12a I t is of interest that, regardless of the potential used, the values of TR2 are much larger along (1 11) directions than along any other class of directions.
The present calculated displacements about vacancies in the bcc alkali metals are considerably larger than those calculated by the same method for vacancies in the fcc metals, Cu and Al. The much larger displacements found in the cases of Na(2) and K(2) relative to those obtained for Na(1) and K(l) can be attributed to the steeper potentials of Ref. 6 at first-, second-, and third-neighbor sites.
Using the Method of Long UTaves, we have calculated the theoretical values of CII and C44 for Xa(1) and Na(2) and they are essentially the same for both Footnote added in proof. Subsequent work has shown that this is not the true asymptotic limit, which is only reached a t a much greater distance from the defect. models. Thus we can infer that the strength of the vacancy is sensitive to the assumed interatomic potential in a manner very different from the way in which the dynamical matrix depends on this potential. In particular, it appears that the strength of the vacancy is very strongly dependent on the form of the interatomic potential at the first-and second-neighbor positions. It is also apparent that in the cases of Rb and Cs, the displacement of close neighbors of the vacancy are very large, as are the corresponding dilatations and relaxation energies. Thus it is likely that anharmonic effects will be significant for the closest neighbors to the defect.
At a later stage we hope to investigate the possibility of including such effects. This does not seem to us to be profitable -until the interatomic potential and its higher derivatives are more reliably defined.
As regards the calculated strain-field interaction energies, the most interesting result is certainly that the most stable configuration for the di-vacancy turns out to be the second-nearest-neighbor defect configuration. This conclusion is valid for all nlodels and for all four metals, although the actual magnitudes of the interaction energies vary widely.
Finally, it should be noted that the vaIue of the relaxation energy calculated for K'a(1) in the present work is only about two-thirds of the value of -0.071 eV reported in Ref. 1. As a check on the validity of Eq. (19) we have calculated the relaxation energy of Ka using the Morse potential and displacements due to Girifalco and Weizer13 and have obtained a value quite close to that calculated by Wynblatt and Gjostein14 using the same potential. However, if we use the displacements given by Shyu et a1.l instead of our displacements in Eq. (19) we obtain a value of the relaxation energy which is almost exactly half that quoted by these la L. A. Girifalco and V. G. Weizer, J. Phys. Chem. Solids 12, 260 (1960) . ' 4 P. Wynbiatt and LV. A. Gjostein, J. Pi~ys. Chem. Solids 28, 2108 (1967). authors. This discrepancy could be accounted for if these authors neglected to perform the division by two indicated in Eq. (9) of their paper.
VI. SUMMARY
We have used the method of lattice statics to calculate the lattice distortion produced by single vacancies in Na, K, Rb, and Cs, and have used the same technique to find the strain-field interaction energies between various divacancies in these metals. We have used the displacements so obtained to find the dilatations and relaxation energies associated with single vacancies in each case. These calculations have been done using three distinct model interatomic p0tentia1s.l~~~~
We find a large variation in the distortions and relaxation energies associated with the potentials of Refs. 1 and 7 as compared with those resulting from the model potentials of Ref. 6 . This would appear to imply that at least one of the two alternative potentials in each of the cases of Na and K is unphysical.
The validity of the results in the present paper is limited by the accuracy of the potentials presently available. This fact does not detract in any way from the validity, accuracy and usefulness of the method of lattice statics upon which we have based all of our computations and which provides a logical and practical approach to the calculation of distortions produced by single defects under any assumed potential. When the true interatomic potentials in the alkali metals are reliably determined, a repetition of the present calculations can be performed and will yield correspondingly accurate displacements, interaction energies, relaxation energies, and dilatations.
Essentially the use of lattice statics removes any computational uncertainty from these quantities, and the residual uncertainty, at present large, is entirely due to our present imperfect knowledge of the proper interatomic potentials to use.
